The coupling between corrugated surfaces due to the lateral Casimir force is employed to propose a nanoscale mechanical device composed of two racks and a pinion. The noncontact nature of the interaction allows for the system to be made frustrated by choosing the two racks to move in the same direction and forcing the pinion to choose between two opposite directions. This leads to a rich and sensitive phase behavior, which makes the device potentially useful as a mechanical sensor or amplifier. The device could also be used to make a mechanical clock signal of tunable frequency.
With the ongoing miniaturization of the mechanical systems, managing the tribological interactions at small length scales is proving to be one of the most significant challenges ahead of us.
1 A specific area of concern is the durability of mechanical parts that have fine geometrical features and come in contact with one another, as they can wear out very quickly.
2 Another important issue is to avoid the stiction of the mechanical components in small machines. 3, 4, 5 These problems suggest that we should try and develop design strategies for small scale mechanical systems that do not rely heavily on physical contact between machine parts.
In recent years, the Casimir force 6,7 -that originates from the quantum fluctuations of the electromagnetic vacuum-has emerged as a surprise candidate for noncontact actuation of mechanical devices. 8, 9 Although the standard normal Casimir force in the original parallelplate geometry might offer limited applicability because it is susceptible to instabilities, 3 it is possible to take advantage of geometrical features such as corrugations on the surfaces and produce a lateral component to the Casimir force 10 that can be used in stable mechanical force transduction.
11
The lateral Casimir force between corrugated surfaces has been recently used as a basis for designing noncontact mechanical devices. It has been shown that the lateral Casimir grip can hold up relatively high velocities in a rack-and-pinion device 12 and that such a device can have a rich dynamical phase behavior. This includes, for example, the possibility of spontaneous symmetry breaking in the form of the rectification of lateral vibrations.
13
It has also been shown that normal undulations can be rectified into net lateral motion in such devices using a ratchet-like mechanism.
14 Here, we propose a device made with two racks and a pinion that is coupled to them via the lateral Casimir force, as shown schematically in Fig. 1 . The racks are set to move in the same direction, which renders the dynamics of the pinion frustrated due to the competing nonlinear couplings. The combination of frustration and nonlinearity could readily drive the system towards erratic behavior and chaos, which would be an undesirable characteristic for a mechanical device. Therefore, we choose to consider the case of a heavily damped system, so that inertia can be neglected, which helps avoid the possibility of chaotic behavior. We probe the motion of the pinion in the different parts of the parameter space corresponding to the two rack velocities and the two amplitudes of the lateral Casimir force coupling that depend on the geometrical characteristics of the setup (see Fig. 1 ). We find that the system could have five distinct behaviors: (i) the pinion could be locked with either rack-1 or rack-2, (ii) the pinion could move along with either rack-1 or rack-2 but with a lower average velocity, and (iii) the pinion could oscillate back and forth without choosing to go with either of the racks. The oscillatory regime could be used to generate a clock signal of tunable frequency.
The corrugated surface of the pinion experiences a lateral Casimir force of the form
The schematics of the rack-pinionrack device. The choice of parallel rack velocities V1 and V2 (rather than opposite) frustrates the system, which is only possible because of the noncontact design. The pinion velocity VP is taken as positive if it is in the direction shown, as a convention. F sin [2π(x − y)/λ] from each of the racks, where x and y represent the lateral positioning of the surfaces and λ is the wavelength of the corrugations (see Fig.  1 ), which must be the same on all three surfaces so that coherent coupling is possible. The amplitude of the lateral Casimir force, or the "Casimir grip," F depends on the geometric characteristics of the device and in particular the gap size H and the amplitudes of corrugations. 11, 12, 13, 15, 16 These forces add up to exert a net torque of −RF 1 sin [2π(x − y 1 )/λ] − RF 2 sin [2π(x + y 2 )/λ] on the pinion, which should be balanced against the friction torque to obtain the equation of motion for x = Rθ, where θ is the angle of rotation and R is the radius of the pinion. Putting y 1 = V 1 t and y 2 = V 2 t, the equation of motion reads
where ζ is the rotational friction coefficient.
Equation (1) is symmetric under the combined transformation of V 1 ↔ V 2 , F 1 ↔ F 2 , and x ↔ −x. In the fully symmetric case of V R ≡ V 1 = V 2 and F ≡ F 1 = F 2 , the pinion cannot choose a sense of rotation over the other and performs an oscillatory motion. In this case, Eq. (1) can be solved analytically to yield
where x 0 is the initial position of the pinion. Note that the sign of x 0 determines the sign of the whole solution x(t). Equation (2) is plotted in Fig. 2 for different values of the Casimir grip F and the initial pinion position. It shows that the device can generate interesting periodic patterns such as a nearly perfect square wave or a train of spikes, with a frequency f = V R /λ that can be easily controlled by the rack velocity. The solution [Eq. (2)] involves an exponential amplification factor that is controlled by the Casimir grip, which could help detect incredibly small displacements. This can be seen in the example plotted in the inset of Fig. 2 , which shows a 10 4 -fold amplification for F = 5 ζV R /R 2 . The general form of Eq. (1) allows for richer behavior as the pinion can choose to adopt one net sense of rotation over the other. The pinion can be locked to a rack moving at a given velocity, if the friction force for such velocities can be balanced by the available Casimir grip. This means that the Casimir grips F 1 and F 2 introduce two skipping velocities V S1 ∼ F 1 R 2 /ζ and V S2 ∼ F 2 R 2 /ζ, which determine that for V 1 < V S1 and V 2 < V S2 locking of the pinion to the corresponding rack is possible. For larger velocities, the pinion and the corresponding rack will skip cogs.
We have studied the behavior of the device numerically in various parts of the large parameter space of the system. Figure 3 shows a representative phase diagram for a specific section of the space of parameters. It can be seen that the system exhibits five different behaviors ranging from the pinion being locked to rack-1 (I 1 ) or rack-2 (I 2 ) to motion with skipping along rack-1 (II 1 ) or rack-2 (II 2 ). The phase boundary between the two IIphases (shown in Fig. 3 as a dashed line and denoted as II 0 ) corresponds to the vanishing of the net pinion velocity and thus an oscillatory behavior similar to the symmetric device as described by the solution in Eq. (2) and Fig. 2 . Note that the phase boundary between I 1 and II 1 in Fig. 3 is about to asymptote to a vertical line at lower values of F 1 below which the phase I 1 cannot exist (corresponding to V S1 discussed above). The inset of Fig. 3 shows the average pinion velocity for a typical section of the phase diagram, going from V P = −V 2 to V P = V 1 passing through two sharp transition points and zero.
The assumption of a heavily damped system is not unrealistic in view of the technical difficulties of mounting the pinion on an axle or pivot. We can estimate the value of the rotational friction coefficient ζ assuming that the main source of friction in the system comes from the lubrication at the axle. For an axle of radius r which is lubricated with a fluid layer of thickness h and viscosity η, we find ζ ≃ 2πηLr
3 /h where L is the thickness (or height) of the pinion. We can also estimate the moment of inertia of the pinion assuming it is a cylinder of mass M and density ρ,
The characteristic time scale that probes the relative importance of inertia and friction is defined as τ = I/ζ = ρhR 4 /(4ηr 3 ). Using ρ = 1.17 gr/cm 3 (for silicone), η = 10 −3 Pa.s (for a lubricant as thick as water), and the geometrical parameters as R = 1 µm, L = 10 µm, r = 500 nm, and h = 100 nm, we find τ = 2.3 × 10 −7 s. For time scales bigger than that, the assumption of a heavily damped system is reasonable.
We can also estimate the skipping velocities using typical values for the Casimir grip, whose value is very sensitive to the gap size. 11, 12, 13, 15, 16 For typical (and experimentally realized 17 ) values of a = 50 nm (assumed for all surfaces) and λ = 500 nm, we find F = 0.3 pN for H = 200 nm that yields a skipping velocity of V S ∼ F R 2 /ζ = 3.8 µm/s. However, reducing the gap size (by only a factor of two) to H = 100 nm yields F = 12 pN and consequently V S ∼ F R 2 /ζ = 150 µm/s (that is enhanced by factor of forty). The estimates for the amplitude F have been made assuming the boundaries are perfect metals. In practical situations with real metallic boundaries of smaller reflectivity, the Casimir grip tends to be slightly weaker, but the general behavior of the system will still be the same.
The clock signal does not necessarily need to come from the fully symmetric device, and as the phase diagram of Fig. 3 shows it can be obtained by tuning the system into the dashed line (II 0 ) transition boundary for any geometrical design. To get a strong coupling signal like the square wave or the train of spikes shown in Fig. 2 , we need to have a rack velocity of say V R = F R 2 /(5ζ), which is equal to 30 µm/s for H = 100 nm. This yields f = V R /λ = 60 Hz using the above value for the corrugation wavelength. Higher rack velocities can lead to higher frequencies, although the shape of the signal will change to a simple sinusoidal one as the coupling gets weaker progressively with increasing rack velocity.
In conclusion, we have proposed a design for a mechanical device made of a nanoscale pinion sandwiched without contact between two racks that exert opposing forces, by employing the quantum fluctuations of the electromagnetic field. Because of the frustration that is built into the design, the system can react dramatically to minute changes in the geometrical features in the system and can thus act as a good sensor. The noncontact nature of this device, and other variants based on similar principles, could help us in our quest towards wearproof nanoscale mechanical engineering.
It is a pleasure to acknowledge fruitful discussions with R.A.L. Jones. This work was supported by EPSRC under Grant EP/E024076/1.
